We show how the reduced (anti-)self-dual Yang-Mills equations in seven dimensions described by the Nahm equations can be carried over to the WeylWigner-Moyal formalism. In the process some new solutions for the cases of gauge groups SU(2) and SL(2, R) are explicitly obtained.
Introduction
Self-dual Yang-Mills equations in higher dimensions have been studied since many years ago [1, 2] . Moreover these equations have been used to study Yang-Mills instantons, particularly in eight-dimensions (see for instance, [3] ). It has been interesting also from the pure mathematical point of view [4] . There is also ADHM version for the construction of Yang-Mills instantons in eigh-dimansions [5, 6] . Since the early steps have been clear that the structure involves the idea of octonion algebra associated to the eight dimensional manifolds of Spin(7)-holonomy and G 2 for the seven dimensional case (for some reviews on special holonomy manifolds see [7, 8, 9] ). In fact they have been used in perturbative and non-perturbative compactifications of string theory [10, 11, 12] . More recently it was studied how to construct a cohomological field theory on higher dimensions [13, 14] . The study of self-dual metrics and gravitational instantons in eight-dimensional spaces have been considered in Refs. [15, 16, 17] .
On the other hand, dimensional reductions of the self-dual Yang-Mills equations in eight dimensions to lower dimensions has been explored. In particular, to seven dimensions on manifolds of G 2 holonomy gives rise to the seven-dimensional version of the Nahm equations, a bit motivated by the M(atrix) Model proposal [18] . Nahm equations in seven dimensions have been studied in [19, 20] . The solutions to the top equations were examined in Refs. [21, 22] . Moreover the search of an abelian structure mimicking Seiberg-Witten equations and the effect of S-duality was discussed in [23] . Later Baker and Fairlie in [24] constructed a large class of matrix representations of the algebra of residues of the variables at simple poles. In the present paper we will use these solutions to the find new solutions to a Moyal deformation of Nahm's equations in seven dimensions. Moreover in [24] was taken the large-N limit by considering the Moyal-Nahm equations in the seven-dimensional case. After that they obtain a set of non-trivial solutions to these equations. In this paper we will derive the Moyal-Nahm equations from the Weyl-Wigner-Moyal (WWM) formalism that we will explain later.
On the other hand it is well known that in four dimensions self-dual metrics can be described in terms of a self-dual Yang-Mills theory (and also full Yang-Mills theory) whose connections are volume preserving-valued vector fields. These vector fields satisfy the Ashtekar-Jacobson-Smolin (AJS) equations [25] . Thus, through an appropriate large-N limit of self-dual Yang-Mills theories and their dimensional reductions is possible to find self-dual metric by solving the resulting equations [26, 27, 28, 29] .
One would ask if there is some suitable large N-limit for the Yang-Mills equations in eight dimensions such that one can extract a gravitational instanton solution. A recent proposal has been that of Ref. [30] , where a set of equations has been proposed that generalizes AJS equations to eight-dimensions. In this same context there were constructed some solutions of metrics with Spin(7) and G 2 holonomy [31] . A proposal in the direction of generalizing the Ashtekar's formalism to eight dimensions is discussed in Ref. [32] . In spite of the formulation of these proposals the subject is still unconcluded. In the present paper we studied a system that would be the first step to address this problem. Thus we studied the large-N limit of the Nahm equations in seven dimensions by taking first its Moyal deformation. To do that we take the WWM formalism in a similar spirit to [33] , we make a WWM-description of the Nahm equations in seven dimensions. In the → 0 limit we shall get their large-N limit. In self-dual YamgMills in four dimensions it is known that large N-limit of Nahm equations gives an hyper-Kahler (self-dual) metric of the underlying four dimensional spacetime [33] .
A natural question is whether these equations are integrable trying to imitate [34] . Another issue is the possibility to address the problem of the integrability of the large-N limit in the full Yang-Mills and the full Einstein equations in eight dimensions trying to imitating the twistor construction as suggested in [35] . In this paper we will see the effect of the large-N limit in systems in eight-dimensional manifolds of Spin (7) holonomy.
The paper is organized as follows. In Section 2 we give an overview on the octonions in order to fix the notation, conventions and the properties that will be useful later. Section 3 is devoted to review the self-dual Yang-Mills equations in eight dimensions. In this section we also recall the reduction of the self-dual equations to seven dimensions. Particularly we recall the structure of the Nahm equations. In Section 4 we proceed to study the WWM deformation of the Nahm equations in seven dimensions. Then in Sec. 5 we found some new solutions of the Moyal deformation of the Nahm equations by a systematic method of the WWM formalism used already in another systems. Finally, in Sec. 6 we give our final remarks.
Octonionic Preliminaries
In the present section we overview some basic material about octonion algebra, in order to fix notation, conventions and results for future reference (for more details see, for instance, [7, 36, 37, 38] ). The octonions O are one of the four real division algebras, among the real numbers, R, the complex numbers, C, and quaternions, H. They consist of seven imaginary units e 1 , . . . , e 7 , and one real, e 0 = 1, that satisfy
where the quantity C ijk is a totally antisymmetric tensor defined by C ijk = +1 for ijk = 123, 617, 257, 536, 145, 246, 347.
Such a tensor have its dual, being the four index quantity which is defined by
where, as in the case of C ijk , its values are given by the combinations C ijkl = +1, for ijkl = 4567, 4532, 1463, 1427, 2367, 1357, 1256.
Because of the non-associativity of O, the C ijk and its dual, do not satisfy the usual relation involving the Levi-Civita antisymmetric symbol. That is, they satisfy
Also, again by the non-associativity, they do not satisfy the Jacobi identity, they instead satisfy a relation known as the Moufang identity [36] , which is
where the quantity [x, y, z] for all x, y, z ∈ O, is the so called associator, defined by
which, like the commutator, it measures at what extent some octonion triple do not associate. The elements C ijk defines a 3-form ω which is invariant under the action of the exceptional Lie group G 2 . The 3-form ω together with its dual defines a Riemannian manifold which has its holonomy group contained in the mentioned Lie group [9, 8] . Explicitly, the 3-form has the form
where we are using the notation
. . , f 7 the dual basis to the e's.
With the 3-form ω it is possible to define a four form Ω which is invariant under Spin (7), which is termed the Cayley form. If we consider e * 0 as the dual to e 0 , Ω is defined by
where the second term, * 7 ω, is the Hodge dual form in seven dimensions of ω. This form defines a Riemannian manifold with its holonomy group being contained in Spin(7).
The Self-Dual Equations
One of the main problems in the theory of gauge fields, is to address the existence of solutions of Yang-Mills equations in higher dimensions. Another important question concerns the integrability of these equations. Remember that the integrability of full Yang-Mills in four dimensions remains elusive until now. However we know the complete answer when the (anti-)self-dual conditions are satisfied. The solutions to these equations are the so called instantons, which are solutions to the self-dual Yang-Mills equations of finite action. In [1] , the authors studied the possible groups under which a four antisymmetric tensor would be invariant in dimensions greater than four. That is, starting from the "self-dual equation"
where the quantity T αβγδ is totally anti-symmetric, one would wonder what groups G leave T αβγδ (transforming irreducibly under G) invariant. Here
represents the curvature two-form of the gauge connection A in the given manifold. The cases discussed in that paper [1] , ranges from n = dim(M) = 4, 5, 6, 7, 8, 9. Here we will be interested in the case n = 8. Consider a Riemannian manifold, M, in eight dimensions whose holonomy group lies in Spin(7). This manifold is defined by the existence of a four-form which indeed is invariant under Spin(7). Such a four form is precisely the Cayley form (9) . Thus, we have that the self-duality equation in eight dimensions is
for which we have that the eigenvalue λ take the values of 1 and −3. From now on, the Greek indices runs from 0 to 7. Then, we can write down this last equation for the self-dual case (λ = 1) as
These are seven equations, explicitly written in the form
These equations take a succinct form remembering the fact that Ω 0ijk = C ijk , and consequently
The other equations with the eigenvalue of −3 are 21 of them, and they will not be considered in the present paper. In order to reduce the equations to lower dimensions, we choose a gauge in which the component A 0 is zero by considering the static case, where all the other components of the connection depends only on one variable t. Thus equations (13) take the form (taking into account that with such a selection of coordinates, we could consider e * 0 = dt)
Again, the equations could be rewritten in the form
and these are the Nahm Equations in seven dimensions.
Remark. We note that the same equations were considered in Ref. [24] , but different conventions were taken, i.e., a different octonion multiplication table. But considering that the automorphisms group of the imaginary part of O is G 2 , a symmetry of the equations under this group is supposed to be fulfilled. At this stage, we have not considered yet the gauge group where the connection take its values. Let G be the gauge group with Lie algebra G which we assume to be semi-simple, and therefore A ∈ M ⊗ G. Here M is the set of seven (6 × 6)-matrices B i = C ijk constructed with C ijk [24] . Moreover we consider Tr(·) to be the invariant bilinear form defined in M ⊗ G. Using the equation (16), we see that the Gauss law is satisfied, taking it as a constraint of the theory, which is
Taking a second derivative on A i by using (16), we obtain the equation of motion of the gauge field
We consider these equations as an extension of the Nahm's equations of motion in three dimensions. The variational principle from which we get this equation of motion comes from the Lagrangian given by the next expression
where α is a constant. From this Lagrangian, immediately we write down the energy function associated with the theory
which is zero when we assume that A i is a solution to Eqs. (16) . One can check easily that E is not positive definite.
The Moyal Deformation of the Nahm Equations in Seven Dimensions
In this section we formulate the Moyal deformation of the theory discussed in the previous section. In first place, we regard the components of the gauge field as operatorvalued quantities, acting on a Hilbert space H = L 2 (R). Here we choose |φ n with n = 0, 1, . . . as an orthonormal basis of H. Such a basis is complete and satisfy a closure relation
where I is the identity operator. Then we will get the correspondence: A i → A i ∈ M ⊗ U , with U being the Lie Algebra of anti-self-dual operators acting on L 2 (R). Now we promote the equations (18) and (17) to its operator version by making this change in the A's and taking the commutator instead of the Lie brackets, [·, ·]. Thus
and
In order to apply the WWM formalism to these equations, we make a redefinition of the connection A to quantities where the deformation parameter is explicitly given. Such definition is
and in consequence, the equations (22) and (23) are rewritten as
and the Gauss Law is
For this operator version, the Lagrangian and the Hamiltonian giving rise to equations (25) is
Let B and C ∞ (Σ, R) be the sets of self-adjoint linear operators acting on the Hilbert space H = L 2 (R) and the space of infinite defferentiable functions defined on the phase space Σ, respectively. The Weyl correspondence, W −1 , is a one-one correspondence between these two sets,
for all A ∈ B and A ∈ C ∞ (Σ, R). Thus, the operator version of Nahm equations in this situation is
As is standard, we define the Moyal product ⋆ over the set of functions C ∞ (Σ, R), by the relation
where ↔ P is the operator
and F j = F j (t, p, q; ). The arrows stand for over what functions the partial derivatives will act. As usual we note that for → 0 we recover the usual product between functions and we get the large N-limit su(∞) gauge theory. Using the Weyl correspondence, the bilinear operator [·, ·] has its deformed version, which is W
where {·, ·} M stands for the Moyal bracket. In the limit → 0 Moyal bracket reduces to that of Poisson. The Weyl correspondence establishes an isomorphism between the algebra (B, [·, ·] ) and that of (M, {·, ·} M ), where M stands for the Moyal algebra [29] . Thus, within the WWM formalism the equation of motion (25) and the Gauss Law (26) are written as
As usual, we write down the Lagrangian and the Hamiltonian giving rise to equation (34) as follows
Therefore equations (34) and (35) come from the deformed version of the Nahm equations in seven dimensions
Thus we got the Moyal-Nahm equations worked out at [24] from the WWM formalism.
It remains elusive to us the generalization to higher dimensions of the well-known equivalence between the large N-limit of a su(N) gauge theoy and the gauge theory valued in the deformed algebra of diffeomorfisms of the symplectic surface Σ, sdiff (Σ). In [33] , the three dimensional Nahm's equations with gauge group SU(∞) provide us with three hamiltonian vector fields (justly as dealt in by Ward in [34] ) in the limit → 0. In the present case we get seven functions but we do not know if these would correspond to seven hamiltonian vector fields defined over some higher dimensional phase space Γ generalizing Σ 4 . In the present case on Σ the complete Lagrangian and Hamiltonian are
with p and q being the local coordinates on Σ. We will assume that the functions A i (t, p, q; ) are just a formal series of the deformation paremeter , that is
The Quest for Solutions
As is the case for the three dimensional version, we are now interesting to find solutions of the Moyal-Nahm equations (38) . In Ref. [24] the authors found a class of solutions in terms of elliptic functions, working with the gauge group SU(2), and taking as an ansatz a direct sum decomposition for any representation of Pauli matrices σ ∈ su(2). In such a case the A's are diagonal justly of the generators of su(2). This fact make possible to use the same method from [33] to find solutions to the Moyal-Nahm equations in three dimensions. In the presnt case we will consider two cases: su(2) and sl(2, R). Let Φ : G → I be the algebra homomorphism between the gauge Lie algebra G and the Lie algebra of operators I. We already know that A i (t) ∈ M ⊗ G, thus Φ implies that
Taking τ i , as the generators of the gauge Lie Algebra, where i runs on the dimension of it, we write X i := Φ(τ i ) for the corresponding operator. By the WWM correspondence these operators correspond to functions defined on Σ as previously considered, that is
and they should be a solution of the Moyal-Nahm equations. The WWM formalism we are going work out in this paper strongly requires to know the solutions of the Nahm's equations in seven dimensions with any finite dimensional Lie algebra. The solution found [24] in terms of a matrix representation using the su(2) Lie algebra is quite convenient for us. Although we use these results our solutions are different of those obtained in [24] .
The SU(2) case
Starting with the solutions obtained in Ref. [24] , which are given by the next matrices, when we consider the gauge group SU(2), and taking into account that τ i = (i/2)σ i , where σ i are the Pauli matrices
where the functions f 's, g's and h's are given by
and the sn(x), cn(x), dn(x) are the Jacobi elliptic functions satisfying
Using the results obtained in [29] , we have
where β is a real constant, q and p are the position and momentum operators respectively, and with this, we find what is the WWM counterpart of the solutions just written. First, we note that the A's are diagonal, and by WWM formalism, we just apply (42) on the X i 's. Thus, after some calculations we get
Therefore, we get a set of the complex matrices A i (t, p, q; )
These matrices are solutions of the Moyal-Nahm equations if indeed the X 's satisfy
which is precisely the case.
The SL(2, R) case
Now we would like to discuss the case when the gauge group is SL(2, R). First of all, the relation between the generators of the Lie algebra is
Hence, the solutions for Nahm equations are no so different in form from that case of SU (2) , in this case we have
with the functions appearing defined by
Here again, ns(x), cs(x) and ds(x) are elliptic functions. Following the procedure previously applied, using the isomorphism Φ(τ i ) = X i [29] , we have the unitary operator version of the algebra sl(2, R)
where δ is a constant. WWM correspondence (42) give the functions associated with these operators are
Finally, the complex matrices solving the Moyal deformation of Nahm equations take the form 
provided that
Final Remarks
In this paper we derived the Moyal-Nahm equations in seven dimensions by using the WWM formalism. In order to find solutions of the deformation of Nahm equations we take advantage of the solutions found by Baker and Fairlie in Ref [24] for a finite dimensional Lie algebra in terms of matrix representations using the su(2) algebra. Although we use from these Lie algebra solution, however the solutions are different from those obtained in [24] . We also find solutions for the algebra sl(2, R). We don't take the limit → 0 to find the large N-limit, since at the present time it is not well understood how to relate the large-N limit of some Lie algerbra G N with sdiff (Γ) for higher dimensions of Γ than 2. We would like to address this problem in a near future and compare systematically with the results of the proposal of Ref. [30] . Another problem that we would like to address is that of the integrability of self-dual equations and their descendants through a version of the twistor transform in higher dimensions. Finally we are interesting in studying the canonical structures as was discussed in Ref. [39] , now in the context of the higher-dimensional version of the AJS equations proposed in [30] . Our aim here is to obtain an octonionic version of the Plabański heavenly equations [40] . Some of this work is in progress and will be reported elsewhere.
